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Abstract

When working with time series, it is often beneficial to have an idea as

to how complex the signal is. Periodic, chaotic and random signals (from

least to most complex) may each be approached in different ways, and

knowing when a signal can be identified as belonging to one of these

categories can reveal a lot about the underlying system. In the field of time

series analysis, permutation entropy has emerged as one of the premier

measures of time series complexity due to its ability to be calculated from

data alone. We propose an alternative method for calculating complexity

based on the machine learning paradigm of reservoir computing, and how

the outputs of these neural networks capture similar information regarding

signal complexity. We observe similar behaviour in our proposed measure

to both the Lyapunov exponent and permutation entropy for well known

dynamical systems. Additionally, we assess the dependence of our measure

on key hyperparameters of the model, drawing conclusions about the

invariance of the measure and possible implications on informing network

structure.

The Problem

When working with time series, understanding the nature of the signal we

are working with can have profound impacts on the modelling choices we

make. For example, there is little gain in applying deep learning to a trivial

periodic signal, but similarly one can waste many hours attempting to extract

patterns from a random signal that lacks relevant information. Knowing when

a signal is periodic, random or chaotic is the task of time-series complexity

(henceforth simply complexity).

There are a number of approaches to determining complexity for known

systems; Fractal dimension, Entropy & Lyapunov exponents. These assume

knowledge of the equations underpinning the system, or require a reasonable

simulation of the system, which is not always possible. Determining complexity

of a signal from data alone is a much more demanding task, however there

are a number of proposed methods that are capable of generating good

approximations.

Permutation Entropy (PE)

The problem of calculating complexity from data was the focus of the work in

2002 by Bandt and Pompe [1], which introduced an entropy approximation

called permutation entropy (PE). First, construct a delay embedding of the

signal with dimension m (embedding dimension) by taking m lagged states

of the signal with a separation of τ time steps (embedding lag). From this

embedding each point in time is transformed into a symbol ψ of length m by

looking at the ranking of the dimensions. The frequency of the symbols is

used to determine a probability p(ψ), and the PE is then calculated as

HPE(m) = −
m∑
i=1

p(ψ(i)) log2(p(ψ(i)) .

Limitations

Estimation ofm and τ is nontrivial

Size ofm restricted by signal length T

Can be sensitive to noise

Example

u = (1, 8,−4, 5, 2)
m = 2
τ = 1

ψ(1) if ut < ut+1

ψ(2) if ut < ut+1

usym = (ψ(1), ψ(2), ψ(1), ψ(2))
0.5 = p(ψ(1)) = p(ψ(2))

HPE = 1

Examples

Logistic Map

(a) Bifurcation Diagram (b) Lyapunov Exponent

(c) Noise Free (d) With 0.4% Noise

Rössler System

(a) Bifurcation Diagram (b) Noise Free

(c) With 4% Noise

Echo State Networks

We consider the discrete-time echo state network [2] implementation of a

reservoir computer, with the network states X ∈ RN×T evolving such that at

time t the state when driven by some input U ∈ RT is given by

Xt = tanh (WadjXt−1 +WinUt +Wbias) .

U is a scalar input signal.

Elements ofWin ∈ RN andWbias ∈ RN are drawn randomly from a

standard Gaussian distribution.

Wadj ∈ RN×N is initially generated randomly with a specified average

degree per node d and elements drawn from a standard Gaussian

distribution, then scaled to spectral radius ρ.

The only training that is required is from the reservoir states to some desired

output Z which is of the same size as U . The variable Z typically represents

some future state of the signal Zt = Ut+∆t for forecasting tasks, a state from a

different signal for prediction tasks or some label for classification tasks. The

RC then approximates this target Z by an output Y ∼ Z , following a least-

squares regression that is usually implemented with Tikhonov regularisation

Y = RX

R = ZX> (XX> + βI
)−1

.

Throughout our trials we choose to keep hyperparameters fixed with N = 300,
d = 5, ρ = 1 and β = 0.001 except when investigating these parameters

explicitely. These choices are somewhat arbitrary, but ensure we are operating

in a regime consistent with common RC methodology.
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Reservoir Computing Complexity (RCC)

(a) Random (b) Periodic (c) Chaotic

Figure. Mean readout vectors R sorted by node magnitude for various random (a), periodic

(b) and chaotic (c) signals. Ribbons show the 5th and 95th percentiles.

We approached the idea of complexity from a more ground-up perspective,

leveraging the following assumptions;

1. The more complex a signal/system, the harder the task of forecasting

future values.

2. In RC, hard tasks require information from a larger number of nodes to

simple tasks.

Thus, by looking at the magnitude of the weights assigned during the training

process in presence of regularisation we can get an idea of the complexity of

a signal

HRC = log

(
N−1∑
i=1

Ri +Ri+1
2

)

≈ log

(
N∑
i=1

|Ri|

)
,

where R is sorted by magnitude and the latter approximation holds for large

N as typically used in RC.

Hyperparameter Exploration

Reservoir Size N

(a) Logistic Map (b) Rössler System

Regularisation Parameter β

(a) Noise Free (b) 4% Noise

Signal Length T

(a) RCC Logistic (b) PE Logistic

(c) RCC Rössler (d) PE Rössler

Conclusions

RCC performs equitably to both system-driven measures such as the

Lyapunov exponent, as well as the data driven measures such as PE, with

evident improvements for certain systems and in the presence of noise.

Clear connection between the complexity characteristics of a signal and

the structure of the reservoir computer when making predictions on that

signal.

Methods weren’t optimised, so further analysis may provide more robust

methods that offers additional meaning than simply a proxy for

complexity.
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