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Abstract
For the past six decades, the operation of Learning Automata (LA) has involved

states and action probabilities. These have been central to remembering the quality

of the actions chosen during the learning. The latest enhancements have also

incorporated estimates of the actions' reward probabilities. However, a phenomenon

that has never been used to-date is that of considering how these actions

themselves, can be ordered. Ordering the actions in traditional LA is rather

meaningless unless one resorts to invoking the theory of Random Races. However,

we show that such an ordering makes sense if the automata operate hierarchically,

within a tree, with the actions being placed at the leaves. In this paper, we shall

show that when the LA are arranged “in a tree formation”, and when the learning is

achieved within such a tree, the hierarchical LA has a superior performance if the

actions located at the leaves of the tree are arranged suitably. While this concept

can be incorporated in any hierarchical LA, we demonstrate its power for the most

recent machine, i.e., the Hierarchical Discretized Pursuit Automaton (HDPA). These

strategies can also be included in the Hierarchical Continuous Pursuit Automaton

(HCPA), and to both of these which utilize traditional Maximum Likelihood~(ML) or

Bayesian estimates. The experimental results presented here are very impressive,

and so, if we consider the chronology of LA from FSSA through VSSA, the

Estimator schemes, and the recent hierarchical LA, our modest claim is that the

inclusion of the ADE represents the state-of-the-art which is not easily surpassed.

Conclusion
In this paper we proposed the novel Action Distribution Enhancing (ADE) approach for

optimally configuring the underlying hierarchical tree representing the distribution of the

actions in the HCPA/HDPA. The ADE involves two phases, the first of which estimates

the action probabilities very crudely, and subsequently assigns the actions at the leaves

of the tree. We have then proceeded to verify the power of incorporating the ADE into

problems involving different numbers of automata, and various Environments with

corresponding reward probabilities.

• Our simulation results uniformly confirm that the inclusion of the ADE significantly

stabilizes and increases the convergence speed of the hierarchical machine.

• If we consider the chronology of LA from its infancy in FSSA through VSSA, the

Estimator approaches, and the more-recent hierarchical schemes, we modestly

believe that the inclusion of the ADE represents the state-of-the-art.

The Proposed Concept
The ADE approach concerns distributing the actions at the leaf level of the

hierarchical tree in an improved manner. For a practical, real-life problem, there can

be little information as a priori information about the actions. Therefore, the

distribution of the actions at the leaf level is an intricate problem which has not yet

been considered in the Literature. The ADE approach is two-pronged. The first

prong is the Estimation Phase, used for estimating the action reward probabilities.

The second concerns distributing the actions in an improved manner, referred to as

the Reallocation Process. The reason why the ordering matters are visu

The Estimation Phase: The first part of the ADE approach concerns the Estimation

Phase. In the HDPA, the estimated reward probability and the action selection

probabilities of LAs throughout the tree structure are initialized as 0.5, and the HDPA

estimates the reward probabilities as per the Pursuit concept (maintaining an

estimated reward probability vector). We propose a standalone Estimation Phase

with the ADE approach prior to the HDPA starting its regular operation. This means

that in this phase, we include 𝜃 iterations per action for estimating their reward

probabilities. These estimates are further utilized as to initialize the corresponding

values in the regular operation of the HDPA.

The Reallocation Process: The second part of the ADE approach concerns the

Reallocation Process, which distributes the actions in an improved manner. For a

two-action LA configured tree, such an organization can be achieved by ordering the

actions according to their estimated reward probabilities in either an ascending or

descending order. In this way, asymptotically, the optimal and second optimal

actions will share the same LA at the level below the root. Thus, the estimated

reward probabilities from the Estimation Phase are used to reallocate the actions to

the tree's leaves in an ascending/descending order. After the Reallocation Process,

the HDPA starts its normal operation.

Contributions
• Unlike the prior art, we show that there is an advantage in considering the

ordering of the actions when the LA operate in a hierarchical manner.

• We demonstrate this, by considering the most recent machine in the field, the

HDPA.

• We confirm the hypothesis, by reporting the results of extensive simulations in
different Environments and a host of distributions.

Experimental Results
Let us consider the results for Simulation 1 presented in Tab. 1 and Tab. 2,

which involve Environments of 8 actions. The difference between the two

tables is that Tab. 1 does not incorporate the ADE, and Tab. 2 does. The

superiority of the results in Tab. 2 demonstrates the power of the ADE.

In real-life, we do not know the underlying reward probabilities. Therefore, we

can only tune the number of tests, 𝜃, that is used in the Estimation Phase.

Testing each action for a larger number of iterations in the Estimation Phase

will make the ADE more certain that it has estimated the reward probabilities

correctly, and it will, thus, order them correctly as well. However, in most cases,

because we want a fast convergence, a rough estimate might be sufficient. In

Simulation 1, we used 𝜃 = 12. If we had perfect estimation of the reward

probabilities, we would have similar results to Config. 7 without the ADE.

For a higher number of actions, presented in Tab. 3 and Tab. 4, the benefit of

implementing the ADE approach is clear. For Row No. 1 in the tables, we see

that the HDPA with the ADE required approximately 16,350 iterations, while

the HDPA without the ADE required 17,700 iterations, which is approximately

8.26% worse. Fig. 2 can be found in the paper.

Tab. 2: Experimental results for the ADE HDPA.

Tab. 1: Experimental results for the vanilla HDPA.

Fig. 1: Example of two hierarchical tree structures for four actions with different

action distributions at the leaf level, where (a) represents a simpler problem than

(b). Thus, the order of the actions matters.

Tab. 3: Experimental results for the vanilla HDPA.

Tab. 4: Experimental results for the ADE HDPA.


